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0 Notation

We will consider equations on a space-time domain, with coordinates (x, t) ∈ Rn × R. For a given point

(x0, t0) ∈ Rn × R, we denote the negative light-cone emanating from the point (x0, t0) by

C(x0, t0) = {(x, t) : t ≤ t0, |x− x0| ≤ t0 − t}

and we denote by M(x0, t0) = ∂C(x0, t0) the mantle (boundary) of the negative light-cone. We denote

truncated cones/mantles by

Cts(x0, t0) = C(x0, t0) ∩ {Rn × [s, t]}

Mt
s(x0, t0) =M(x0, t0) ∩ {Rn × [s, t]}

and we denote the cross sections of the cone by

D(x0,t0)(s) = C(x0, t0) ∩ {Rn × {s}} .

For the forward light cone we use the notation

Γ(x0, t0) = {(x, t) : t ≥ t0, |x− x0| ≤ t− t0} .

Whenever the given point is the origin, we omit the label, writing C(0, 0) = C etc. We denote by dσ

the volume measure on the unit sphere; by dσr the volume measure on the sphere of radius r; and by

dω =
√

2dσtdt the volume measure on the mantle Mt
0(x0, t0). Throughout the report, for a function of

space-time w : Rn ×R→ R we make the abuse of notation w(t) := w(·, t) whenever the space dependence is

implicit.

1 The linear wave equation

The main source for the linear theory of this section was the book of Shatah and Struwe [12]. Indeed, the

entire section, with the exception of the energy estimates, is directly following chapter 4 of this book, and

all proofs are taken from there.

1.1 Representation formulas

The Cauchy problem for the linear wave equation is concerned with finding, and quantifying, a solution

u : Rn × [0,∞)→ R to  �u = f = f(x, t),

u(0) = u0; ∂tu(0) = u1,
(1)
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where � = ∂2
t − ∆x is the d’Alembert operator, for a given u0, u1. A general solution to (1) may be

constructed via the fundamental solution R = R(x, t), which solves �R = 0,

R(0) = 0; ∂tR(0) = δ0,
(2)

in the distributional sense. Applying the Fourier transform to (2) with respect to the space coordinate gives (∂tt)R̂(ξ, t) + |ξ|2R̂(ξ, t) = 0,

R̂(ξ, 0) = 0; ∂tR̂(ξ, 0) = 1,

and solving this ODE in t gives R̂(ξ, t) = sin(|ξ|t)
|ξ| . Thus the fundamental solution is given by

R(t) = F−1

(
sin(| · |t)
| · |

)
, (3)

where F−1 is the inverse spacial Fourier transform. For each t, there is a spherical symmetry of R(t) arising

from the rotational invariance of ∆.

Using the fundamental solution, we can check that a solution u to the homogeneous system �u = 0,

u(0) = u0; ∂tu(0) = u1

, (4)

is given by

u(t) = R(t) ∗ u1 + ∂tR(t) ∗ u0, (5)

where ∗ denotes convolution. Then by the Duhamel principle, the general solution to (1) is given by

u(t) = u(t)−
∫ t

0

R(t− τ) ∗ f(τ)dτ. (6)

This method gives a solution to (1) in the distributional sense even for rough data, as we may view u0, u1, f

as tempered distributions. Mostly though, we will consider smooth initial data in which case u will be a

solution in the classical sense. For the nonlinear equations later on, it will be helpful to write (6) as

u = u+ L(�(u)), (7)

which holds for any tempered distribution u, where L is the Duhamel operator defined by

(Lw)(t) =

∫ t

0

R(t− τ) ∗ w(τ)dτ. (8)

When n = 1, we have R(x, t) = F−1
(

sin(|·|t)
|·|

)
(x) = 1

21[−t,t](x), and from (5) we recover d’Alembert’s

formula

u(x, t) =
1

2

∫ x+t

x−t
u1(y)dy +

1

2
(u0(x+ t) + u0(x− t)). (9)
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Then by the Duhamel principle,

u(x, t) = u(x, t) +
1

2

∫ t

0

∫ x+(t−s)

x−(t−s)
f(y, τ)dydτ. (10)

For higher dimensions it is more work to compute the fundamental solution. This is usually presented, for

n odd, by the method of spherical means, where the rotational invariance of ∆ is used to reduce to an ODE.

For n even, the solution is then obtained by the method of descent. We give the derivations here for the

cases n = 3 and n = 2.

For a given point x0 ∈ R3, define a spherically averaged function

w̃(r, t) =
1

4π

∫
|y|=1

w(x0 + ry, t)dσ(y). (11)

Expresing ∆ in spherical polar coordinates, (4) becomes

utt − urr −
2

r
ur −∆S2u = 0,

where ∆S2 is the Laplace–Beltrami operator on the sphere. Taking spherical averages then gives, by Stokes’

theorem,

ũtt − ũrr −
2

r
ũr = 0.

Making the substitution v(r, t) = rũ(r, t), this becomes the 1-dimensional wave equation vtt − vrr = 0, and

so by (9) we have

v(r, t) =
1

2

(∫ r+t

r−t
sũ1(s)ds

)
+

1

2
((r + t)ũ0(r + t) + (r − t)ũ0(r − t)).

To obtain u, note that u(x0, t) = ũ(0, t) = ∂r
∣∣
r=0

v(r, t) and so

u(x0, t) =
1

2

(
(r + t)ũ1(r + t)− (r − t)ũ1(r − t) + ũ0(r + t) + ũ0(r − t)

+ (r + t)∂rũ0(r + t) + (r − t)∂rũ0(r − t)
)∣∣∣∣
r=0

= tũ1(t) + ũ0(t)t(∂rũ0)(t)

=
t

4π

∫
y=1

u1(x0 + ty)dσ(y) +
1

4π

∫
|y|=1

(u0(x0 + ty) + t(∇u0 · η)(x0 + ty))dσ(y),

(12)

where we noted that ũ0(r) = ũ0(−r), ũ1(r) = ũ1(−r) and hence (∂rũ0)(r) = −(∂rũ0)(−r)). Here η denotes

the outward unit normal. Making the change of variables z = x+ ty, we then rewrite the solution as

u(x, t) =
1

4πt

∫
∂Bt(x)

u1dσt +
1

4πt2

∫
∂Bt(x)

(u0 + t(∇u0 · η))dσt. (13)

We thus see that the fundamental solution for n = 3 is

R(t, x) =
1

4πt
δ(t− |x|), (14)
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where δ(t − |x|) is the distribution which acts by integration over the mantle of the forward lightcone,

Γ = (x, t) : t = |x|. The Duhamel principle then gives the solution as

u(x, t) = u(x, t) +
1

4
√

2π

∫
Mt

0(x,t)

t−1f(y, t)dω(y, t), (15)

and reparametrising gives the solution as

u(x, t) = u(x, t) +
1

4π

∫
Bt(x)

t−1f(x+ y, t− |y|)dy. (16)

Now, for the case n = 2, given any solution u of (4), we arrive at a solution û in dimension n = 3 by defining

û(x1, x2, x3, t) = u(x1, x2, t). From (13) we then have

û(x, t) =
1

4πt

∫
∂Bt(x)

û1(z)dσt(z) +
1

4πt2

∫
∂Bt(x)

(û0(z) + t(∇û0 · η))(z)dσt(z),

where û0(x1, x2, x3) = u0(x1, x2), û1(x1, x2, x3) = u1(x1, x2). Since everything here is independent of the

x3-coordinate, for the sphere in z = (x1, x2, x3) space, we parametrise both hemispheres {x3 > 0}, {x3 < 0},
by the y = (x1, x2) coordinates. Then dσt(z) = t√

t2−|x−y|2
dy and we arrive at

u(x, t) =
2

4π

∫
Bt(x)

u1(y)√
t2 − |x− y|2

dy +
2

4πt

∫
Bt(x)

u0 + t(∇u0 · η)(y)√
t2 − |x− y|2

dy. (17)

The fundamental solution when n = 2 is thus

R(t, x) =
1

2π

1√
t2 − |x|2

1Bt(x). (18)

We refer to [12] for the derivation of the representation formulas in higher dimensions. In odd dimension

n = 2m+ 3, the fundamental solution is given by

R(t, x) = An

(
1

t
∂t

)n−3
2
(

1

t
δ(|x| − t)

)
, (19)

where An = Γ(n/2)
2πn/2(n−2)(n−4)···3·1 . In even dimensions n = 2m+ 2, the fundamental solution is given by

R(t, x) = An

(
1

t
∂t

)n−2
2

(
1√

t2 − |x|2
1Bt(x)

)
. (20)

Note the following observations following from the representation formulas given by (6)

Theorem 1.1 (Huygen’s principle). In n = 1 space dimension and in all the even space dimensions, the

solution u at a point (x0, t0) depends only on the values of f over the backward light-cone Ct00 (x0, t0), and

only on the values of the initial data u0, u1 over the base of this cone Bt0(x0).

In odd space dimensions greater than or equal to three, however, the solution u at a point (x0, t0) depends

only on the values of f over the mantle of the backward light-cone Mt0
0 (x0, t0), and only on the values of the

initial data u0, u1 over the base of this mantle ∂Bt0(x0). Thus in these dimensions, information propagates

along a sharp wavefront.
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Corollary 1.2 (Finite speed of propagation). Given initial data u0, u1 supported in a ball BR(0), the

homogeneous solution u takes support

supp(u) ⊂ {(x, t); |x| ≤ R+ t}.

i.e. information propagates at a finite speed.

1.2 Dispersive and energy estimates

From the representation formulas, we can read off pointwise estimates for solutions to the linear wave

equation. These are referred to as decay or dispersive as they describe the decay of a solution. From

d’Alembert’s formula (9), the first estimate is immediate.

Lemma 1.3 (Dispersive estimate in 1D). When n = 1, solutions u to the homogeneous wave equation (4)

satisfy

‖u(t)‖L∞(R) ≤
1

2

(
‖u0‖L∞(R) + ‖u1‖L1(R)

)
. (21)

For the case n = 3, we note that at time t = 1 it holds

|u(x, 1)| ≤ 1

4π

∫
∂B1(x)

|u1|dσ +
1

4π

∫
∂B1(x)

(|u0|+ |∇u0|)dσ

≤ 1

4π

∫
B1(x)

(|u1|+ |∇u1|)dy +
1

4π

∫
B1(x)

(|u0|+ 2|∇u0|+ |∇2u0|)dy

≤ C
(∫

R3

|∇u1|dy +

∫
R3

|∇2u0|dy
)
,

(22)

where we used the trace embedding W 1,1 ↪→ L1 and the result, by the Hölder and Sobolev inequalities, that

for any ϕ ∈ C∞c (R3), ∫
B1(x)

|ϕ|dy ≤

(∫
B1(x)

dy

) 1
3
(∫

B1(x)

|ϕ| 32 dy

) 2
3

≤
(

4π

3

) 1
3
(∫

R3

|ϕ| 32 dy
) 2

3

≤
(

4π

3

) 1
3
(∫

R3

|∇ϕ|dy
)
.

(23)

Noting that, for any λ > 0, uλ(x, t) = u(λx, λt) also solves (4) with uλ(x, 0) = u0(λx), ∂tu
λ(x, 0) =

λu1(λx), and as the homogeoneous Sobolev norms scale as ‖ϕ(λ(·))‖Ẇ 1,1(R3) = λ−2‖ϕ(·)‖Ẇ 1,1(R3) and

‖ϕ(λ(·))‖Ẇ 2,1(R3) = λ−1‖ϕ(·)‖Ẇ 1,1(R3), we arrive at the following result.

Lemma 1.4 (Dispersive estimate in 3D). When n = 3, solutions u to the homogeneous wave equation (4)

satisfy

‖u(t)‖L∞(R3) ≤
C

t

(
‖u0‖Ẇ 2,1(R3) + ‖u1‖Ẇ 1,1(R3)

)
. (24)
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For the case n = 2, we estimate the representation formula via the following calculation, using parts to trade

regularity. Let ϕ ∈ C∞(B1(0)), ϕ ≡ 1 for 1
2 ≤ |y| ≤ 1, ϕ ≡ 0 near 0, then∫

|y|≤1

g(y)√
1− |y|2

dy =

∫
1
2≤|y|≤1

g(y)√
1− |y|2

dy +

∫
0≤|y|≤ 1

2

g(y)√
1− |y|2

dy

≤
∫
|y|≤1

ϕ
g(y)√
1− |y|2

dy + C‖g‖L1(B1(0))

=

∫
|y|≤1

ϕg(y)
−y
|y|2
· ∇(

√
1− |y|2)dy + C‖g‖L1(B1(0)),

(25)

where we noted that ∇ · ( y
|y|2 ) = δ0 in 3 dimensions.

Now, just taking
∫
|y|≤1

|∇g(y)|ϕ
√

1−|y|2
|y| dy ≤

∫
|y|≤1

|∇g(y)|dy, we would obtain from (17) and (23)

|u(x, 1)| ≤ C(‖u1‖Ẇ 1,1(R2) + ‖u0‖Ẇ 2,1(R2)). (26)

But, since ‖ϕ(λ(·))‖Ẇ 2,1(R2) = ‖ϕ(·)‖Ẇ 2,1(R2), this is not sharp enough to show any decay of the solution.

Instead, we note that ϕ

√
1−|y|2
|y| ∈ C1/2 ↪→ Ḃ

1/2
∞,∞, where Ḃ denotes the homogeneous Besov space. Since

(Ḃ
1/2
∞,∞)∗ ∼= Ḃ

−1/2
1,1 it follows that∫

|y|≤1

|∇g(y)|ϕ
√

1− |y|2
|y|

dy ≤ C‖∇g‖
Ḃ
−1/2
1,1 (R2)

≤ C‖g‖
Ḃ

1/2
1,1 (R2)

. (27)

This extra fractional derivative is enough to obtain decay of the solution after rescaling. As ‖ϕ(λ(·))‖
Ḃ

3/2
1,1 (R2)

=

λ−1/2‖ϕ(·)‖
Ḃ

3/2
1,1 (R2)

, applying (17) and (23) we arrive at

Lemma 1.5 (Dispersive estimate in 2D). When n=2, solutions u to the homogeneous wave equation (4)

satisfy

‖u‖L∞(R2) ≤
C

t1/2

(
‖u0‖Ḃ3/2

1,1 (R2)
+ ‖u1‖Ḃ1/2

1,1 (R2)

)
. (28)

Similar computations for the higher dimensional formulas give

Lemma 1.6 (Dispersive estimates in higher dimensions). In odd dimensions n = 2m+ 3, solutions u to the

homogeneous wave equation (4) satisfy

‖u(t)‖L∞(Rn) ≤
C

t
n−1
2

(
‖u0‖

Ẇ
n+1
2

,1(Rn)
+ ‖u1‖

Ẇ
n−1
2

,1(Rn)

)
, (29)

and in even dimensions n = 2m+ 2

‖u(t, x)‖L∞(Rn) ≤
C

t
n−1
2

(
‖u0‖

Ḃ
n+1
2

1,1 (Rn)
+ ‖u1‖

Ḃ
n−1
2

1,1 (Rn)

)
. (30)

The wave equation also admits L2-bounds, referred to as energy estimates. Assuming compactly supported

initial data u0, u1, by finite speed of propagation it follows that u(t) is compactly supported for all t > 0.

Multiplying through (4) by ut and integrating by parts then gives

E′(t) =
d

dt

(
1

2

∫
Rn
|ut|2 + |∇u|2dx

)
= 0, (31)
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and so it follows

‖ut(t)‖2L2(Rn) + ‖u(t)‖Ḣ1(Rn) = ‖u1‖2L2(Rn) + ‖u0‖2Ḣ1(Rn)
. (32)

Going even further, taking the Fourier transform of (4) with respect to the space coordinate, and multiplying

through by |ξ|2sût gives

0 = |ξ|2sût(ûtt + |ξ|2û)

=
d

dt

(
(|ξ|sût)2 + (|ξ|s+1û)2

)
,

(33)

and thus

0 =
d

dt

(∫
Rn

(|ξ|sût)2dξ +

∫
Rn

(|ξ|s+1û)2dξ

)
=

d

dt

(
‖ût‖2Ḣs(Rn)

+ ‖û‖2
Ḣs+1(Rn)

)
,

(34)

by Plancherel’s theorem. We then arrive at

Theorem 1.7 (Energy estimates). A solution u to the homogeneous wave equation (4) satisfies

‖ut(t)‖2Ḣs(Rn)
+ ‖u(t)‖2

Ḣs+1(Rn)
= ‖u1‖2Ḣs(Rn)

+ ‖u0‖2Ḣs+1(Rn)
(35)

for any s ∈ R.

Let us draw attention to the following two consequences of the energy estimates.

Corollary 1.8. Finite energy solutions to the linear wave equation are unique.

Corollary 1.9. The Duhamel operator (8), when viewed as a map L : L∞([0, T ]; Ḣs(Rn))→ L∞([0, T ]; Ḣs(Rn)),

is bounded, with

‖L(w)‖L∞([0,T ];Ḣs(Rn)) ≤ T‖w‖L∞([0,T ];Ḣs(Rn)). (36)

1.3 Strichartz estimates

Let η ∈ C∞c (Rn) such that η = 1 on B1(0) and η = 0 outside B2(0). Denote β(ξ) = η(ξ) − η( ξ2 ) and

ϕk(ξ) = β(2−kξ). For k ∈ Z, the ϕk form a partition for the punctured frequency space Rn \ {0}, where

each ϕk is supported on an annulus

supp(ϕk) ⊂ {ξ : 2k ≤ |ξ| ≤ 2k+2}.

We define the Littlewood-Payley projections by

Pk(v) = v ∗ ϕ̌k
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whereˇdenotes the inverse spacial Fourier transform, so that P̂k(v) = v̂ · ϕk. The homogeneous Besov norm

is given then by

‖v‖Ḃsq,r(Rn) =

( ∞∑
k=−∞

(
2sk‖Pk(v)‖Lq(Rn)

)r) 1
r

.

We will see now that the Besov norm lends itself to interpolated decay estimates, called Strichartz estimates.

Firstly, let u solve (4) with u0 = 0, so that u(t) = R(t) ∗ u1. Thus

‖u(t)‖Ḃsq,r(Rn) =

( ∞∑
k=−∞

(
2sk‖ak(t) ∗ u1‖Lq(Rn)

)r) 1
r

, (37)

where ak(t) = Pk (R(t)) = R(t) ∗ ϕ̌k.

We then calculate

ak(x, t) =

(
F−1

(
sin | · |t
| · |

)
∗ ϕ̌k

)
(x)

= F−1

(
sin | · |t
| · |

β
(
2−k(·)

))
(x)

=

∫
sin |ξ|t
|ξ|

β(2−kξ)eiξxdξ

= 2k(n−1)

∫
sin |η|2kt
|η|

β(η)eiη2kxdη

= 2k(n−1)F−1

(
sin | · |2kt
| · |

)
(2kx)

= 2k(n−1)
(
R(2kt) ∗ β̌

)
(2kx),

(38)

and

âk(ξ, t) =
sin |ξ|t
|ξ|

· ϕk(ξ). (39)

From the dispersive estimates Lemma 1.6 and the embedding Ḃ
n−1
2

1,1 ↪→ Ẇ
n−1
2 ,1 we have

‖R(2kt) ∗ β̌‖L∞(Rn) ≤
C

(2kt)
n−1
2

‖β̌‖
Ḃ
n−1
2

1,1 (Rn)
(40)

and so (38) and (39) give

‖ak(t)‖L∞(Rn) ≤
C

t
n−1
2

2k(n−1
2 ), (41)

‖âk(t)‖L∞(Rn) ≤ 2−k, (42)

which then implies

‖ak(t) ∗ u1‖L∞ ≤ ‖ak(t)‖L∞‖u1‖L1 ≤ C

t
n−1
2

2k(n−1
2 )‖u1‖L1 , (43)

‖ak(t) ∗ u1‖L2 = ‖âk(t) · û1‖L2 ≤ 2−k‖u1‖L2 . (44)

9



In other words, we have an operator bounded between two distinct pairs

ak(t) ∗ (·) : L1(Rn)→ L∞(Rn) with ‖ak(t) ∗ (·)‖L1→L∞ ≤
C

t
n−1
2

2k(n−1
2 ), (45)

ak(t) ∗ (·) : L2(Rn)→ L2(Rn) with ‖ak(t) ∗ (·)‖L2→L2 ≤ 2−k. (46)

Applying the Riesz-Thorin interpolation theorem then gives that we have a bounded operator

ak(t) ∗ (·) : Lp → Lq

for all θ ∈ (0, 1), where

1

p
= (1− θ) · 1

1
+ θ · 1

2
= 1− θ

2
,

1

q
= (1− θ) · 1

∞
+ θ · 1

2
=
θ

2
,

which satisfies

‖ak(t) ∗ (·)‖Lp→Lq ≤
(

C

t
n−1
2

2k(n−1
2 )

)1−θ

2−kθ =
C

t(1−
2
q )(n−1

2 )
2k(n−1

2 −
n+1
q ). (47)

We apply this to interpolate between Besov norms

‖u(t)‖Ḃsq,r(Rn) =

( ∞∑
k=−∞

(
2sk‖ak(t) ∗ u0‖Lq(Rn)

)r) 1
r

≤

( ∞∑
k=−∞

(
2sk
(

C

t(1−
2
q )(n−1

2 )
2k(n−1

2 −
n+1
q )‖u0‖Lp(Rn)

))r) 1
r

=
C

t(1−
2
q )(n−1

2 )

( ∞∑
k=−∞

(
2k(s+n−1

2 −
n+1
q )‖u0‖Lp(Rn)

)r) 1
r

=
C

t(1−
2
q )(n−1

2 )
‖u0‖Ḃs′p,r(Rn),

(48)

where s′ = s+ (n−1
2 −

n+1
q ).

Next, let u solve (4) with u1 = 0, so that u(t) = ∂tR(t) ∗ u0, where ∂tR(t) = ∂tF−1
(

sin(|ξ|t)
|ξ|

)
=

F−1 (cos(|ξ|t)). Let bk(t) = Pk(∂tR(t)) = ∂tR(t) ∗ ϕ̌k be the Littlewood-Payley projections, so that

‖u(t)‖Ḃsq,r =

( ∞∑
k=−∞

(
2sk‖bk(t) ∗ u0‖Lq

)r) 1
r

. (49)

This time,

bk(x, t) =
(
F−1 (cos(| · |t)) ∗ ϕk

)
(x)

= 2nkF−1
(
cos(| · |2kt)β(·)

)
(2kx)

= 2nk
(
∂tR(2kt) ∗ β̌

)
(2kx)

(50)
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and by the decay estimate ‖∂tR(2kt) ∗ β̌‖L∞ ≤ C

(2kt)
n−1
2

‖β̌‖
Ḃ
n+1
2

1,1

, we have

‖bk(t) ∗ u0‖L∞ ≤ ‖bk(t)‖L∞‖u0‖L1 ≤ C

t
n−1
2

2j(
n+1
2 )‖u0‖L1 ,

‖bk(t) ∗ u0‖L∞ ≤ ‖b̂k(t)‖L∞‖u0‖L2 ≤ ‖u0‖L2 .

(51)

Applying Riesz-Thorin then gives

‖bk(t) ∗ (·)‖Lp→Lq ≤
(

C

t
n−1
2

2k(n+1
2 )

)1− 2
q

=
C

t(1−
2
q )(n−1

2 )
2k(n+1

2 −
n+1
q ), (52)

when 1
p + 1

q = 1, and we deduce

‖u(t)‖Ḃsq,r(Rn) ≤
C

t(1−
2
q )(n−1

2 )
‖u0‖Ḃs′′p,r(Rn), (53)

where s′′ = s+ n+1
2 −

n+1
q = s′ + 1.

Summarizing this, we have proved the following.

Lemma 1.10 (p-q estimate). Solutions to the homogeneous wave equation (4) satisfy

‖u(t)‖Ḃsq,r(Rn) ≤
C

t(1−
2
q )(n−2

2 )

(
‖u1‖Ḃs′p,r(Rn) + ‖u0‖Ḃs′+1

p,r (Rn)

)
, (54)

where 1
p + 1

q = 1, and s′ = s+ n−1
2 −

n+1
q .

Note that we did not interpolate with the energy estimates to obtain this result, we only used the decay

of the solution. The underlying trick was the change of variables in step (38), where the high frequencies

of the fundamental solution are estimated by the frequency |ξ| ∼ 1 at a later time, and low frequencies are

estimated by the frequency |ξ| ∼ 1 at an earlier time.

As presented in [12], it is easier to deduce estimates for the function

U(t) = F−1

(
ei|ξ|t

|ξ|

)
(55)

as we will see in the proof of the next lemma, taking advantage of the composition rule ei|ξ|t ·ei|ξ|s = ei|ξ|(t+s).

We note that since

sin(|ξ|t)
|ξ|

=
1

2

(
Û(t)− Û(−t)

)
,

cos(|ξ|t) =
|ξ|
2

(
Û(t) + Û(−t)

)
,

it follows

R(t) ∗ u1 =
1

2
(U(t)− U(−t)) ∗ u1,

∂tR(t) ∗ u0 =
1

2
(−∆)

1/2 (U(t) + U(−t)) ∗ u0,

(56)
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and so in fact estimates on U(t)∗ (·) give estimates on the homogeneous solution u. Conversely, since U(t)∗g
is a solution to the homogeneous equation with initial data u0 = (−∆)−1/2g, u1 = ig, it follows that all

estimates so far hold also for U(t) ∗ (·).

As an application of the above, the final estimate is an elegant Lq-bound which is global in space and time.

Theorem 1.11 (Scattering estimate). Solutions to the homogeneous wave equation (4) satisfy

‖u‖Lq(Rn+1) ≤ C(‖u0‖
Ḣ

1
2 (Rn)

+ ‖u1‖
Ḣ−

1
2 (Rn)

), (57)

where q = 2n−1
n+1 .

Proof. Let 〈·, ·〉 denote the duality pairing given by integration, and let η ∈ C∞c (Rn+1). Then

|〈U(·) ∗ g, η〉| =
∣∣∣∣∫∫ ei|ξ|t

|ξ|
ĝ(ξ)η̂(ξ, t)dξdt

∣∣∣∣
=

∣∣∣∣∣
∫
|ξ|− 1

2 ĝ(ξ)

∫
e−i|ξ|t

|ξ| 12
η̂(ξ, t)dtdξ

∣∣∣∣∣
≤ ‖g‖

Ḣ−
1
2 (Rn)

∥∥∥∥∫ e−i|·|t

| · | 12
η̂(·, t)dt

∥∥∥∥
L2(Rn)

.

(58)

The second term may be estimated as follows.∥∥∥∥∫ e−i|·|t

| · | 12
η̂(·, t)dt

∥∥∥∥2

L2(Rn)

=

∫
(

∫
e−i|ξ|s

|ξ| 12
η̂(ξ, t)ds)(

∫
e−i|ξ|t

|ξ| 12
η̂(ξ, t)dt)dξ

=

∫∫ 〈
ei|·|(t−s)

| · |
η̂(s), η̂(t)

〉
dsdt

=

∫∫
〈U(t− s) ∗ η(s), η(t)〉 dsdt

≤
∫
‖η(t)‖Lp

∫
‖U(t− s) ∗ η(s)‖Lqdsdt.

(59)

Next, we note that Ḃ0
q,r ↪→ Lq whenever q > r and Lp ↪→ Ḃ0

p,r whenever p < r. Thus from Lemma 1.10,

whenever n−1
2 −

n+1
q = 0, i.e. q = 2n−1

n+1 < 2, we have

‖U(t− s) ∗ η(s)‖Lq ≤ ‖U(t− s) ∗ η(s)‖Ḃ0
q,2
≤ C

(t− s)
n−1
n+1

‖η(s)‖Ḃ0
p,2
≤ C

(t− s)
n−1
n+1

‖η(s)‖Lp ,

so defining

f(s) = ‖η(s)‖Lp(Rn) and Iα(f)(t) =

∫ ∞
−∞

f(s)

|s− t| 1α
ds,

for 1
α = n−1

n+1 < 1, this gives, by the Hardy-Littlewood-Sobolev inequality, see page 23 of [13],∥∥∥∥∫ e−i|·|t

| · | 12
η̂(t)dt

∥∥∥∥2

L2(Rn)

≤
∫
f(t)

∫
f(s)

(t− s)
n−1
n+1

dsdt

=

∫
f(t)Iα(f)(t)dt

≤ ‖f‖Lp(R)‖Iα(f)‖Lq(R)

≤ ‖f‖Lp(R)‖f‖Lq′ ,

(60)

12



where 1
α = 1− ( 1

q′ −
1
q ). Amazingly, for our case 1

α = n−1
n+1 = 2

q , this gives q′ = p and so from (58) we arrive

at

| 〈U(·) ∗ g, η〉 | ≤ C‖u1‖
Ḣ−

1
2 (Rn)

‖η‖Lp(Rn+1).

Hence it follows

‖U(·) ∗ g‖Lq(Rn+1) ≤ C‖g‖Ḣ− 1
2 (Rn)

,

which implies, moreover,

‖(−∆)
1/2(U(·) ∗ g)‖Lq(Rn+1) = ‖U(·) ∗ (−∆)

1/2g‖Lq(Rn+1) ≤ C‖g‖Ḣ 1
2
,

which by (56) gives the desired result.

Theorem (1.11) was proved first by Strichartz in [14]. More general scattering estimates are given by Keel

and Tao in [7], by interpolation with the energy estimates. In particular, one result of Keel and Tao is as

follows.

Theorem 1.12. For all q, r ≥ 2, where (q, r) 6= (2,∞) when n = 3 and where(
2

n− 1

)
1

q
+

1

r
=

1

2
,

solutions to the homogeneous wave equation (4) satisfy

‖u‖Lq([0,T );Lr(Rn)) ≤ C
(
‖u1‖H−1(Rn) + ‖u0‖L2(Rn)

)
(61)

2 Nonlinear wave equations

For this section, the book by Evans [2] was helpful in writing the fixed point arguments. Moreover, the proof

of global existence in the sub-critical energy case was taken from Evans. Other sources are referenced as

they appear.

2.1 Local existence

Turning to the non-linear Cauchy problem, we will consider the semi-linear case, where the nonlinearity

depends on u but not on its derivatives. �u = f = f(t, u),

u(0) = u0; ∂tu(0) = u1.
(62)

Definition 2.1. • If u : Rn × [0,∞) → R solves (62), in the classical or weak sense, we say that u is a

global solution. We talk of the existence of a global solution as existence for all-time.
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• If u : Rn× [0, T )→ R solves (62) for some T > 0, in the classical or weak sense, we say that u is a local

solution. We talk of the existence of a local solution as short-time existence (up to time T ).

• For the case that a Cauchy problem is known to admit unique local solutions, but no global solution,

we refer to as blow-up of solution. In this case, the time

T ∗ = sup{T > 0: a local solution exists up to time T} (63)

is referred to as the blow-up time.

The existence of local solutions may be established using the energy estimates. Let the notation

‖v(t)‖2Es(Rn) = ‖v(t)‖2Hs(Rn) + ‖vt(t)‖2Hs−1(Rn)
(64)

be introduced for an energy norm.

Theorem 2.2 (Short time existence). If the nonlinearity f : R × R → R satisfies f ∈ Ck, where k > n/2,

and f(0, 0) = 0, then given initial data u0 ∈ Hs(Rn), u1 ∈ Hs−1 for s > n/2, then the Cauchy problem (62)

admits a unique local solution, in the weak sense, with u ∈ L∞([0, T ];Es(Rn)).

Proof. For a given v ∈ L∞([0, T ];L2(Rn)), let u = Ψ[v] denote the unique, weak solution to the linear system �u = f(t, v),

u(0) = u0; ∂tu(0) = u1,

so as in (7) we have

Ψ[v] = u+ L(f(t, v)).

Let E0 = ‖u0‖Hs(Rn) + ‖u1‖Hs−1(Rn) be an initial energy and define

B = B(T ) = {v ∈ L∞([0, T ];L2(Rn)) : sup
0≤t≤T

‖v(t)− u0‖Es(Rn) ≤ 2E0 + 1}, (65)

which is a bounded subset of the Banch space L∞([0, T ];L2(Rn)), consisting of points bounded by the

stronger norm of L∞([0, T ];Es(Rn)).

Since f is Ck, it follows that f is locally Lipschitz, and as Hs ↪→ C0 for s > n/2 by Sobolev embedding, it

follows that there exists a K0 such that for any v, v̂ ∈ B,

|f(t, v)− f(t, v̂)| ≤ K0|v − v̂|. (66)

Moreover, it follows from the Sobolev embedding, since f ∈ Ck for k > n/2 and since f(0, 0) = 0, that there

is a continuous and non-decreasing function Q : [0,∞)→ [0,∞) such that

‖f(t, v)‖L∞([0,T ];Es(Rn)) ≤ Q(‖v‖L∞([0,T ];Es(Rn))), (67)
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see [2], theorem 2, pg.666.

We claim that for T > 0 sufficiently small Ψ
∣∣
B

: B → B is well defined and a contraction mapping. Indeed,

by (35), (36) and (67), we see that for v ∈ B

‖Ψ[v]− u0‖L∞([0,T ];Es(Rn)) ≤ ‖u− u0‖L∞([0,T ];Es(Rn)) + ‖L(f(t, v))‖L∞([0,T ];Es(Rn))

≤ ‖u‖L∞([0,T ];Es(Rn)) + ‖u0‖Hs(Rn) + T‖f(t, v)‖L∞([0,T ];Es(Rn))

≤ 2E0 + TQ(‖v‖L∞([0,T ];Es(Rn))) ≤ 2E0 + 1,

(68)

provided it is chosen T ≤ Q(2E0 + 1), and so Ψ
∣∣
B

: B → B is well defined.

Furthermore, for v, v̂ ∈ B, by (36) and (66)

‖Ψ[v]−Ψ[v̂]‖L∞([0,T ];L2(Rn)) = ‖L(f(t, v)− f(t, v̂))‖L∞([0,T ];L2(Rn))

≤ T‖f(t, v)− f(t, v̂)‖L∞([0,T ];L2(Rn))

≤ TK0‖v − v̂‖L∞([0,T ];L2(Rn)) ≤
1

2
‖v − v̂‖L∞([0,T ];L2(Rn)),

(69)

provided it is chosen T ≤ 1
2K0

, and so Ψ
∣∣
B

is a contraction with respect to the weaker norm on L∞([0, T ];L2(Rn)).

Now, choosing T = min{Q(2E0 +1), 1
2K0
} and defining iteratively uk = Ψ[uk−1], by the contraction mapping

principle we have that uk converges to a unique fixed point u of the map Ψ, which is the unique, weak solution.

Since this convergence is with respect to the weaker norm of L∞([0, T ];L2(Rn)), a priori we have no

extra regularity on the solution u. However, by the Banach-Alaoglu theorem, since {uk} is bounded in

L∞([0, T ];Es(Rn)), and the weak-? topology is metrizable here (as the dual of a separable space), a weak-?

convergent subsequence may be extracted. Then by weak-? lower-semicontinuity of the norm, we see in fact

that u ∈ L∞([0, T ];Es(Rn)) as desired.

Examining the above proof, we arrive at the following necessary condition for solution blow-up

Corollary 2.3 (Hs-criterion for blow-up). If the Cauchy problem (62) exhibits blow up at a finite time

T ∗ > 0, then

lim sup
t→T∗

‖u(t)‖Hs(Rn) =∞. (70)

Proof. Suppose, on the contrary, that ‖u(t)‖Hs(Rn) stays bounded as t→ T ∗. Then we may find ε so that

sup
T∗−ε≤t≤T∗

‖u(t)‖Hs(Rn) ≤ C1 <∞.

Then, reposing the Cauchy problem (62) with u0 = u(T ∗− ε), u1 = ut(T
∗− ε), we have a solution, to which

we reallocate the label u, which blows up at time ε and satisfies

sup
0≤t≤ε

‖u(t)‖Hs(Rn) ≤ C1 <∞.
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Now, a K0 may be chosen so that

|f(t, z)− f(t, ẑ)| ≤ K0|z − ẑ| whenever (t, z) ∈ [0, 2ε]× [−(2C1 + E0 + 1), (2C1 + E0 + 1)].

Then defining T = min{Q(E0 + C1 + 1), 1
2K0

, ε2} and

Bk = {v ∈ L∞([kT, (k + 1)T ];L2(Rn)) : sup
kT≤t≤(k+1)T

‖v(t)− u(kT )‖Hs(Rn) ≤ E0 + C1 + 1},

and letting w = Ψk[v] be the unique solution to �w = f(t, v),

w(0) = u(kT ); ∂tw(0) = ∂tu(kT ),

we have

‖Ψ[v]− u(kT )‖L∞([0,T ];Hs(Rn)) ≤ ‖u− u(kT )‖L∞([0,T ];Hs(Rn)) + ‖L(f(t, v))‖L∞([0,T ];Hs(Rn))

≤ E0 + C1 + T‖f(t, v)‖L∞([0,T ];Hs(Rn)) ≤ E0 + C1 + 1,

and

‖Ψ[v]−Ψ[v̂]‖L∞([0,T ];L2(Rn)) ≤ T‖f(t, v)− f(t, v̂)‖L∞([0,T ];L2(Rn)),

thus Ψ
∣∣
Bk

: Bk → Bk is a well defined contraction map for any k, allowing us to continue the solution past

time ε, and contracting the assumption of blow-up.

For the case of n = 3, we are able to improve on this criterion.

Theorem 2.4 (L∞-criterion for blow-up). If n = 3 and the Cauchy problem (62) exhibits blow-up at a finite

time T ∗ > 0, then

lim sup
t→T∗

‖u(t)‖L∞(R3) =∞.

Proof. The proof is to note that we can establish existence via a contraction in the L∞-topology. Indeed,

letting

B = {v ∈ L∞([0, T ]× R3) : sup
0≤t≤T

‖v(t)− u0‖L∞(R3) =∞},

then for T sufficiently small, by the representation formula (16),

‖Ψ[v]− u0‖L∞([0,T ]×R3) ≤ ‖u(t)− u0‖L∞([0,T ]×R3) +

∥∥∥∥∥
(∫

Bt(x)

|y|−1f(t− |y|, v(y, t− |y|))dy

)∥∥∥∥∥
L∞([0,T ]×R3)

≤ 2‖u0‖L∞(R3) +

(∫
BT (x)

|y|−1dy

)
‖f(t, v)‖L∞([0,T ]×R3)

≤ 2‖u0‖L∞(R3) + π2T 2C0 ≤ 2‖u0‖L∞(R3) + 1,
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and moreover

‖Ψ[v]−Ψ[v̂]‖L∞([0,T ]×R3) ≤

(∫
BT (x)

|y|−1dy

)
‖f(t, v)− f(t, v̂)‖L∞([0,T ]×R3)

≤ π2T 2K0‖v − v̂‖L∞([0,T ]×R3) ≤
1

2
‖v − v̂‖L∞([0,T ]×R3),

so Ψ: B → B in an L∞-contraction. Since a uniform L∞ bound lets us choose C0, K0 and hence T , uniformly

as in the proof of Corollary 2.3, the criterion follows similarly.

2.2 Energy criticality

We shall consider from now only equations which govern autonomous systems, where the nonlinearity is

independent of time, f(t, u) = f(u). An important feature of these semi-linear problems is a conserved

energy functional, analagous to the linear case. For F (u) :=
∫
u
f(v)dv, we define an energy density by

e(u(t)) =
1

2

(
|ut(t)|2 + |∇u(t)|2

)
− F (u). (71)

Multiplying the equation (62) by ut gives

0 = (�u− f(u))ut

=
d

dt

(
1

2

(
|ut(t)|2 + |∇u(t)|2

)
− F (u)

)
− div(ut∇u),

(72)

and so writing

E(u(t)) =

∫
R3

e(u(t))dx

E(u; Ω(t)) =

∫
Ω(t)

e(u(t))dx
(73)

for the energy, we have firstly that d
dtE(u(t)) = 0 for initial data (u0, u1) ∈ Ḣ1(Rn)× L2(Rn).

Secondly, integrating (72) over the section of light-cone Cts(x0, t0) gives

0 =

∫
Cts(x0,t0)

(
d

dt
(e(u(t)))− div(ut∇u)

)
dxdt

=
d

dt

(∫ t

s

∫
D(x0,t0)(τ)

e(u(τ))dxdt

)
− 1√

2

∫
Mt

s(x0,t0)

e(u(τ))dω(x, τ)−
∫ t

s

∫
D(x0,t0)(τ)

ut∇u ·
x

|x|
dστ (x)dτ

= E(u;D(x0,t0)(t))− E(u;D(x0,t0)(s)) +
1√
2

∫
Mt

s(x0,t0)

(
e(u(t))− ut

(
∇u · x

|x|

))
dω.

(74)

Now, if we define v(y) = u(x0 + y, t0 − |y|), then the flux integrand becomes

e(u(t))− ut
(
∇u · x

|x|

)
=

1

2

∣∣∣∣∇u− ut x|x|
∣∣∣∣2 − F (u) =

1

2
|∇v|2 − F (v),

and so we may state the energy-flux identity as follows.
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Lemma 2.5 (Energy-flux identity). For any s < t, it holds that

E(u;D(x0,t0)(t)) +

∫
Bt0−s\Bt0−t

(
1

2
|∇v|2 − F (v)

)
dy = E(u;D(x0,t0)(s)). (75)

We will now introduce the notion of energy criticality via a toy problem; an elliptic PDE

−∆u = f(u), (76)

where the nonlinearity f ∈ Ck(R→ R) is some function obeying the growth condition

|f(u)| ≤ C|u|p,

|f (j)(u)| ≤ C|u|q(j) for all j ∈ {1, . . . , k},
(77)

for some values q(j). That is, f and its derivatives have at most polynomial growth. Let us consider this

PDE with domain the torus Tn = Rn/Zn (the advantage of a closed manifold being that we may avoid

having to introduce a function to cut-off at the boundary) and let us suppose that we are given an a-priori

H1-bound on the solution.

Multiplying through (76) by u gives ∫
Tn
−∆u · udx =

∫
Tn
f(u) · udx,

and from an integration by parts it follows∫
Tn
|∇u|2dx ≤ C

∫
Tn
|u|p+1dx,

which we note, when p < 2∗ − 1 is stronger than the Sobolev embedding. Moreover, multiplying by uα,

where α > 1, and integrating by parts gives

α

(α+ 1)2

∫
Tn
|∇
(
u
α+1
2

)
|2dx ≤ C

∫
Tn
|u|p+αdx. (78)

Now, the Sobolev embedding W 1,2 ↪→ L2∗ and the Poincaré inequality give ‖u‖L2∗ (Tn) ≤ C(Tn)‖∇u‖L2(Tn),

which applied to (78) imply (∫
Tn
|u|(α+1) n

n−2 dx

)n−2
n

≤ Cα
(∫

Tn
|u|p+αdx

)
. (79)

Thus choosing

p < 2∗ − 1, (80)

and (79) reads ‖u‖Lλq(Tn) ≤ C(q)‖u‖Lq(Tn) for

λ =

(
n

n− 2

)(
1 + α

p+ α

)
>

(
n

n− 2

)(
2

p+ 1

)
=

2∗

p+ 1
≥ 1 + ε(p) > 1,

and all q ≥ 2∗.

Thus the a-priori bound u ∈ H1 implies u ∈ Lq for all q, and hence f (j)(u) ∈ Lq for all q, all j ∈ {0, 1, . . . , k}.

18



Now, since −∆v = f for a function f ∈ Hs implies v ∈ Hs+2, so it follows that f(u) ∈ L2 implies u ∈ H2,

so u ∈W 1,2∗ by Sobolev embedding. Differentiating (76) then gives

∆(∇u) = f ′(u)∇u,

and by Hölder ∫
Tn

(f ′(u)∇u)2dx ≤ C
(∫

Tn
f ′(u)

2∗
2∗−2 dx

) 2∗−2
2∗
(∫

Tn
|∇u|2

∗
dx

) 1
2∗

≤ C,

so ∇u ∈W 1,2 implies u ∈W 3,2, so u ∈W 2,2∗ by Sobolev embedding, and differentiating again and applying

Hölder and so on will give u ∈ Hs for all s ≤ k + 2. We thus see that an a priori H1-bound induces bounds

on higher norms.

Heuristically then, we may hope for the Cauchy problem (62), where the nonlinearity satisfies the growth

condition (77), that control of the H1-norm uniformly in time will imply control of the higher Hs-norms, in

particular ensuring global existence for solutions by Corollary 2.3. For certain Cauchy problems, specifically

those for which F (u) :=
∫ u

f(v)dv ≤ 0 such an a-priori H1-bound is given by energy conservation.

In particular, one such toy equation we shall consider is the defocussing wave equation. �u = −|u|p−1u,

u(0) = u0; ∂tu(0) = u1,
(81)

for which the energy functional is given by

E(u(t)) =

∫
Rn

(
1

2
|ut|2 +

1

2
|∇u|2 +

1

p+ 1
|u|p+1

)
dx. (82)

We will discuss some results for this equation in the case of n = 3. We will be concerned with the question

of global existence given smooth, compactly supported initial data.

Theorem 2.6 (Global existence in the subcritical case, and for small energy in the critical case.). Given

initial data u0, u1 ∈ C∞c (R3) solutions to the defocussing wave equation (81) in n = 3 dimensions exist for

all time when 1 ≤ p < 5. When p=5, solutions will exist for all time so long as the initial energy satisfies

E0 =

∫
R3

(
1

2
|u1|2 +

1

2
|∇u0|2 +

1

6
|u0|6

)
dx ≤ ε0,

for some ε0 > 0.

Proof. We note firstly that, since the initial data is compactly supported, we may assume without loss of

generailty, having relabelled the origin as necessary, that a solution u up to time T takes its supremum along

the line x = 0. From the representation formula (16), it follows by Hölder’s inequality that solutions satisfy

|u(0, t)| ≤ |u(0, t)|+
∫
Bt

|v(y)|p

|y|
dy

≤ |u(0, t)|+
(∫

Bt

|v|2

|y|2
dy

) 1
2

(∫
Bt(x)

|v|2(p−1)dy

) 1
2

,

(83)
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where v(y) = u(y, t− |y|).

Starting with the critical case p = 5, Hardy’s inequality, Lemma A.2, gives

|u(0, t)| ≤ |u(0, t)|+ C

(∫
Bt

|∇v|2dx+

(∫
Bt

|v|6dx
) 1

3

) 1
2 (∫

Bt

|v|8dy
) 1

2

≤ |u(0, t)|+ CE
1
2
0

(∫
Bt

|v|6dy
) 1

2

‖u‖L∞(R3×[0.T ])

≤ |u(0, t)|+ CE0‖u‖L∞(R3×[0,t]),

(84)

and thus there is ε0 > 0 such that ‖u(t)‖L∞(R3) is uniformly bounded provided E0 ≤ ε0 and we deduce

global existence by the blow-up criterion, Theorem 2.4.

For the critical case 1 ≤ p < 5, we note from the proof of Hardy’s inequality (139) that we have∫
Bt

|v|2

|y|2
dy ≤ C

(∫
Bt

|∇v|2dy +
1

t2

∫
Bt

|v|2dy
)
.

Now, Poincaré’s inequality says ∫
Bt

|v − v̄|2dy ≤ Ct2
∫
Bt

|∇v|2dy,

and so
1

t2

∫
Bt

|v|2dy ≤ C
∫
Bt

|∇v|2dy + t|v̄|,

where the average v̄ may be estimated as

|v̄| = C

t3

∫
Bt

v(y)dy

=
C

t3

∫
Mt

0

u(y)dω(y)

=
C

t3

(∫
Ct0

ut(y)dy +

∫
Bt

u0(y)dy

)

≤ C

t

(∫
Ct0

ut(y)2

) 1
2

+ C‖u0‖L∞(R3)

≤ C

t1/2
E

1
2
0 + C‖u0‖L∞(R3),

and so ∫
Bt

|v|2

|y|2
dy ≤ C

(∫
Bt

|∇v|2dy + t
1
2E

1
2
0 + t‖u0‖L∞

)
. (85)

Thus applying the energy-flux identity, Lemma 75, the estimate (83) gives

|u(0, t)| ≤ |u(0, t)|+ C(E0 + t
1
2E0 + t‖u0‖L∞)

1
2

(∫
Bt

|v|2(p−1)dy

) 1
2

. (86)
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Firstly note, when 1 ≤ p ≤ 4 we have by Hölder’s inequality, the Sobolev embedding H1 ↪→ L6, and by the

energy-flux identity,

∫
Bt

|v|2(p−1)dy ≤

(∫
Bt

dy

) 4−p
3
(∫

Bt

|v|6dy
) 2(p−1)

6

2(p−1)

≤ Ct2(p−1)(4−p)‖v‖H1(Bt)
4(p−1)2

≤ Ct2(p−1)(4−p)E
2(p−1)2

0 ,

(87)

so ‖u‖L∞([0,T ]×R3) is bounded.

For the case 4 < p < 5 we then have

|u(0, t)| ≤ |u(0, t)|+ C(E0 + t
1
2E0 + t‖u0‖L∞)

1
2

(∫
Bt

|v|6dy
) 1

2

‖u‖qL∞([0,t]×R3)

≤ |u(0, t)|+ C‖u‖qL∞([0,t]×R3),

(88)

where 0 < q < 1, so ‖u‖L∞([0,T ]×R3) is bounded.

Thus we have global existence for the subcritical problem.

2.3 Global solutions for the energy-critical, defocussing equation in 3D

In this section we will present the argument of [15] in which global existence of radially symmetric solutions

is proved for the energy-critical, defocussing wave equation �u = −u5,

u(0) = u0; ∂tu(0) = u1,
(89)

in n = 3 space dimensions.

Theorem 2.7 (Struwe). Given initial data u0 ∈ C3(R3), u1 ∈ C2(R3) which is radially symmetric, i.e.

u0(x) = u0(|x|), u1(x) = u1(|x|), the energy critical, defocussing wave equation (89) admits a unique, global

solution u ∈ C2(R3 × [0,∞)) which is radially symmetric, i.e. u(x, t) = u(|x|, t).

The existence of a unique, local solution with the desired regularity is given by the earlier fixed point

arguments. To see that such a solution is radially symmetric, let A ∈ O(3) be an orthogonal matrix. Since A

commutes with ∆ and hence with �, it follows that for any u0, u1, defining û0(x) = u0(Ax), û1(x) = u1(Ax)

and û(x, t) = u(Ax, t) we have (�û)(x, t) = (�u)(Ax, t) and so û solves the Cauchy problem with initial

conditions û0, û1. Thus by the uniqueness of solutions, radially symmetric initial data must give a radially

symmetric solution.

Next observe the following corollary of the short-time existence for small energy from Theorem 2.6. Since

the L∞-norm must become unbounded approaching a blow up by Lemma 2.4, it follows by the energy-flux

identity and Theorem 2.6 that Energy concentration is a necessary condition for solution blow-up.
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Corollary 2.8 (Energy concentration criterion). If u is a solution to (89) in n = 3 space dimensions, which

blows up at a time T ∗, then

E(u;D(x0,T∗)(T
∗ − δ)) ≥ ε0 > 0, (90)

for any δ > 0.

Struwe’s argument supposes the existence of a blow-up time T ∗, and hence a point (x0, T
∗) at which

lim
(x,t)→(x0,T∗)

|u(x, t)| =∞,

where energy must necessarily concentrate. Firstly it is noted that for radially symmetric solutions, this

singularity must arise at x0 = 0. Indeed, supposing |x0| > 0, then by radial symmetry |u(x, t)| → ∞
whenever (x, t)→ (xj , T

∗) for any |xj | = |x0|. Since arbitrarily many distinct such points can be found, and

at least one quanta of energy ε0 concentrates at any such point, this implies an infinite amount of energy, a

contradiction.

Without loss of generality the point (x0, T
∗) is then taken to be the origin (0, 0), having reposed the Cauchy

problem to give a solution u : R3 × [−T ∗, 0) → R. A contradiction is reached by exploiting the scaling

invariance of the equation to analyse the singularity. The following a-priori estimate is key.

Lemma 2.9. For any solution u : R3 × [−T, 0)→ R of (89), there holds

1

3

∫
C0
−1

|u|6dxdt+ E(u;D(−1)) ≤
∫
D(−1)

ut (x · ∇u+ u) dx+

∫
B1

(
|y||∇v|2 + |∇v||v|

)
dy, (91)

where v(y) = u(y,−|y|).

Proof. We refer for proof to the original paper [15]. The trick is to test the equation against

d

dR

∣∣∣∣
R=1

uR(x, t) = tut + x · ∇u+
1

2
u, (92)

which is the generator of a family of solutions {uR(x, t) = R
1
2u(Rx,Rt)}.

The blow-up analysis involves rescaling the solution about the singularity, defining

um(x, t) = R
1
2
mu(Rmx,Rmt), (93)

where Rm = 2−m → 0. We note that the um : R3 × [Tm, 0) → R, where Tm = −2−mT ∗, trace a family of

solutions to the Cauchy problem (89).

Moreover, we note crucially that the energy is an invariant with respect to this rescaling, in the sense that

E(um;D(s)) = E(u;D(Rms)). (94)
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Applying Lemma 2.9 to this sequence, we have

1

3

∫
C0
−1

|um|6dxdt+ E(um;D(−1)) ≤

(I)︷ ︸︸ ︷∫
D(−1)

(ut) (x∇um) dx

+

∫
D(−1)

(um)t(um)dx︸ ︷︷ ︸
(II)

+

∫
B1

(
|y||∇vm|2 + |∇vm||vm|

)
dy︸ ︷︷ ︸

(III)

,

(95)

where vm(y) = um(y,−|y|).

Lemma 2.10. Terms (II) and (III) in the above expression (95) are o(1). Where o(1) denotes a term

tending to zero as m→∞.

Proof. For term (III), we note by energy invariance (94), the energy-flux identity and Corollary (2.8) that

E(um;D(−1)) is decreasing and bounded below by ε0. Thus E(um;D(−1)) → ε1 ≥ ε0 > 0, and moreover

we see that E(um;D(−δ))→ ε1 → ε0 for any δ > 0. So the energy-flux identity implies∫
B1

1

2
|∇vm|2 +

1

6
|vm|6dy = o(1)

and so (III) is o(1) by Hölder.

For the term (II), we refer to Lemma 3.2 in [15].

Thus, rearranging (95) gives∫
C0
−1

|um|6dxdt+

∫
D(−1)

{(
1− |x|

)(
|(um)t|2 + |∇(um)|2

)
+ |x|

∣∣∣∣ x|x| (um)t −∇(um)

∣∣∣∣2 + |um|6
}
dx

≤ (II) + (III) = o(1)

(96)

An immediate application of (96), if we define

Dε(−1) = {(x,−1) ∈ D(−1) : |x| ≤ 1− ε}, (97)

is that for any ε > 0, ∫
Dε(−1)

(
1

2

∣∣(um)t
∣∣2 +

1

2

∣∣∇(um)
∣∣2 +

1

6

∣∣(um)
∣∣6) dx = o(1). (98)

But it is necessary that energy concentrates at the singularity, so this suggests that energy concentrates

“along a ring”. The bulk of the proof is to show that this is an absurdity.

Lemma 2.11. There exists a sequence Λ ⊂ N such that

lim inf
m→∞
m∈Λ

{
sup
C−1
tm

|um|
}
> 0. (99)

Proof. We refer to the original paper [15] for the proof of this lemma, which is quite technical.
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To conclude the proof from here, choose (xm, sm) ∈ C−1
Tm

satisfying |um(xm, sm)| = supCsmTm
|um|, so by

Lemma 2.11

lim inf
m→∞
m∈Λ

= c0 > 0.

Since for any s0 ∈ [−T ∗, 0), sup
s≤s0
|u(x, s)| = C(s0) <∞, it follows that

sup
s≤s0/Rm

|um(x, s)| = C(s0)R
1
2
m → 0,

and so in particular Rmsm → 0.

Note that for a given s ∈ [Tm, sm], by Hardy’s inequality and the energy-flux identity

1√
2

∫
Msm

s (xm,sm)

(
u4
m

|τ |

)
dω(x, τ) =

∫
B|s|

(
v4
m

|y|

)
dy

≤

∫
B|s|

|∇vm|2dy +

(∫
B|s|

|vm|6dy

) 1
3


1
2 (∫

B|s|

|vm|6
) 1

2

≤ 1

3
,

(100)

provided that E(u;D(xm,sm)(s)) ≤ ε0. Hence for sufficiently large m we have

0 <
1

2
c0 ≤

(
1− 1√

2

∫
Msm

s (xm,sm)

(
u4
m

|τ |

)
dω(z, τ)

)
|um(xm, sm)|

≤ |um(xm, sm)|+ 1√
2

∫
Msm

Tm
(xm,sm)

(
|um|5

|τ |

)
dω(z, τ)− 1√

2

∫
Msm

s (xm,sm)

(
|um|5

|τ |

)
dω(z, τ)

= |R1/2
m u(xm, sm)|+

∫
BTm−sm\Bs−sm

(
|vm|5

|y|

)
dy

≤ o(1) +

(∫
BTm−sm\Bs−sm

dy

|y|6

) 1
6
(∫

BTm−sm\Bs−sm
v6
mdy

) 5
6

≤ o(1) + C
1

|s− sm|
1
2

E
5/6
0 .

(101)

But this becomes contradictory for large m and large |s− sm|. Thus it follows that there exists c1 such that

E(um;D(xm,sm)(s)) > ε0, (102)

whenever |s− sm| ≥ c1.

Next, Struwe observes the following consequence of the identity (98).

Lemma 2.12. For any c > 0, and any family {xkm}1≤k≤K ∈ R3 with |xkm| = |xm| ≥ 0, |xjm−xkm| ≥ c−1|xm|,
for m sufficiently large there exists σm ∈ [tm, sm − c6] such that

E(um;∪j 6=k
(
D(xjm,sm)(σm) ∩D(xkm,sm)(σm)

)
) = o(1). (103)

Proof. For a given K, since |sm| ≥ 1, and points xkm are distributed uniformly around the ring |x| = |xm|,
it follows that we may find ε > 0 independent of m so that

D(xjm,sm)(s) ∩D(xkm,sm)(s) ⊂ Dε(s), (104)
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for j 6= k. But, by (98) we see

E(um;Dε(s)) ≤ E(uk(m);D
ε(−1)) = o(1), (105)

for a k(m) sufficiently large, which proves the claim.

And so, for any K ∈ N, selecting K points xkm, such that |xjm| = |xm| and |xjm − xkm| ≥ c−1|xm| for all

1 ≤ j 6= k ≤ K. By radial symmetry, E(um;D(xjm,sm)(σm)) ≥ ε0 for all j and so

Kε0 ≤
K∑
j=1

E(um;D(xjm,sm)(σm))

≤ E(um;∪Kj=1D(xjm,sm)(σm)) +
∑
j 6=k

E(um;D(xjm,sm)(σm) ∩D(xkm,sm)(σm))

≤ E(um;D(σm)) + o(1) ≤ E0 + o(1),

(106)

giving a contradiction for sufficiently large K. This concludes Struwe’s proof of Theorem 2.7.

2.4 An example of blow-up in 3D

We have seen that the exponent p = 2∗ − 1 is critical in the defocussing case, where the energy functional

defines a norm. These heuristics are not sufficient for other wave equatons, however. F. John considered the

Cauchy problem (62) in n = 3 space dimensions with a nonlinear term

f(u) ≥ α|u|p, (107)

for some α > 0, and showed that for the case 1 < p < 1 +
√

2, solutions with smooth, compactly supported

initial data exhibit finite time blow up.

In this section, we review the first half of John’s paper [5] which gives the proof of the following lemma.

Lemma 2.13. Let u be a global solution to �u ≥ α|u|p,

u(0) = u0 ; ∂tu(0) = u1,
(108)

where α > 0 and 1 < p <
√

2 and suppose that

u(x, t) ≥ 0 for (x, t) ∈ Γ(x0, t0), (109)

where u denotes the solution to the corresponding linear problem. Then u has compact support with

supp(u) ⊂ Ct00 (x0, t0). (110)
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If we consider the Cauchy problem with initial data supported in a ball of radius R, it follows then from the

Huygen’s principle, Theorem 1.1, that u(x, t) = 0 for (x, t) ∈ Γ(0, R) for any global solution u, and so the

Lemma applies here.

John remarks on the following consequence of Lemma 2.13. If a global solution u to (108) exists for compactly

supported u0, u1, then necessarily it follows that

u0(x) ≥ 0 for all x ∈ R3 ; (111)∫
R3

u1(x)dx ≤ 0. (112)

Indeed, letting v be any solution of �v = 0 with initial data v0, v1 such that v(x, t) ≥ 0, then we have

0 ≤
∫
t>0

αv|u|pdxdt ≤
∫
t>0

(v�u− u�v)dxdt

= −
∫
R3

(v0u1 − v1u0)dx,

(113)

which gives (111) by choosing v0 = 1, v1 = 0 and respectfully gives (112) choosing v0 = 0 and letting v1 ≥ 0

be arbitrary, having noted by the representation formula (16) that non-negative initial velocity leads to a

non-negative solution.

In fact, by conservation of energy we can observe more. For the case where f(0) 6= 0, if a global solution u

to (108) exists for compactly supported u0, u1, then necessarily it follows by conservation of energy that the

initial energy is zero

E(u(0)) =

∫
R3

(
1

2

(
|u1|2 + |∇u0|2

)
− F (u0)

)
dx = 0.

Remark 2.14. Note that for t0 > 0, the function u = a(t+ t0)
−2
p−1 , where a = α(p−1)2

2(p+1) defines a nontrivial,

global solution to (108). Thus the condition of compact support is necessary for the obstruction.

Remark 2.15. The exponent 1 +
√

2 is indeed critical here. In [5], John also shows that global solutions

of �u = |u|p, for p > 1 +
√

2, exist for any initial data of compact support that are sufficiently small in a

suitable norm.

Proof. (of Lemma 2.13) We sketch the argument as it is in [5].

Let u be a global solution satisfying the conditions of the lemma, and recall formula (7) which says u =

u+ L(�(u)), where

Lw =
1

4π

∫ t

0

(t− s)
∫
|η|=1

w(x+ (t− s)η, s)dσ(η)ds.

We note in particular that the Duhamel operator L obeys positivity

w ≥ 0 =⇒ Lw ≥ 0. (114)
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Let x0 be as in the statement of the lemma and recall our notation of averaging around the point x0

w̃(r, t) =
1

4π

∫
|ξ|=1

w(x0 + rξ, t)dσ(ξ).

John observes the following calculation

(L̃w)(r, t) =
1

(4π)2

∫
|ξ|=1

∫ t

0

(t− s)
∫
|η|=1

w(x+ (t− s)η + rξ, s)dσ(y)dsdσ(ξ)

=
1

4π

∫ t

0

∫ r+(t−s)

|r−(t−s)|

∫
|ξ|=1

λ

2r
w(x0 + λξ, s)dσ(ξ)dλds

= Pw̃(r, t),

(115)

where

Pv(r, t) =

∫∫
Rr,t

λ

2r
v(r, s)dλds

and

Rr,t = {(λ, s) : t− r < s+ λ < t+ r, s− λ < t− r, 0 < s < t}. (116)

The change of variables in (115) may be visualised as the region foliated by space-time mantles which emanate

from points a spacial distance of r from x0, is parametrised as a surface of revolution, with cross-section

given by Rr,t.

We note that P also obeys positivity,

v ≥ 0 =⇒ Pv ≥ 0. (117)

Now, by (114) and the conditions of the lemma we have

u = u+ L(�u) ≥ L(α|u|p). (118)

at all points (x, t) ∈ Γ(x0, t0). So, taking spherical averages gives by (117)

ũ ≥ αP (|̃u|p) ≥ αP (|ũ|p), (119)

where we applied Jensen’s inequality giving |̃u|p ≥ |ũ|p. i.e. we have shown

ũ(r, t) ≥ α
∫∫

Rr,t

λ

2r
|ũ(λ, s)|pdλds. (120)

Assuming, for a contradiction, that there exists (x1, t1) /∈ Ct00 (x0, t0) such that u(x1, t1) 6= 0. Defining then

t2 = t1 + |x1 − x0|, we have that

(x0, t2) ∈ Γ(x0, t0) and ∈M(x0, t0). (121)

Since, L is given by an integral over the backward mantle, we deduce that

u = u+ L(�u) ≥ αL(|u|p) > 0, (122)
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at the point (x0, t2). Thus we can find a δ > 0 so small that ũ(λ, s) ≥ ε > 0 for (λ, s) ∈ [0, δ2 )×(t2− δ
2 , t2 + δ

2 ).

It follows from (120) that

ũ(r, t) ≥ c

r
, (123)

for some c > 0 whenever

(r, t) ∈ S := {(λ, s) : t2 + 2δ ≤ s+ λ, t2 ≤ s− λ ≤ t2 + δ}. (124)

John now employs a bootstrapping argument via the formula (120) to obtain successive lower bounds for

ũ(r, t). It is shown that for p in the critical range (1, 1 +
√

2), these lower bounds will blow up for an

appropriate value of (r, t). We sketch the argument here, and refer to [5] for the details.

Firstly is introduced the sets

Σ = {(r, t) : 0 ≤ r ≤ t− t2 − 2δ}, (125)

Sr,t = {(λ, s) : t− r < λ+ s < t+ r; t2 < s− λ < t2 + δ}. (126)

Then applying (120), (123) gives, for (r, t) ∈ Σ

ũ(r, t) ≥ α
∫∫

Rr,t

λ

2r
|ũ(λ, s)|pdλds

≥ αcp

2r

∫∫
Sr,t

λ1−pdλds,

which is calculated as

ũ(r, t) ≥ δαcp2p−2(t+ r − t2)1−p. (127)

Now, (t+ r − t2)1−p ≥ (t+ r)1−p and, when 0 < p− 1 ≤ 1 we have

(t+ r)p−1 =

(
t+ r

δ

)p−1

δp−1 ≤ (t+ r)δp−2,

which implies (t+ r)1−p ≥ δ2−p(t+ r)−1. It then follows that

ũ(r, t) ≥ c0(r + t)−q0 , (128)

where c0, q0 > 0 do not depend on (r, t) and, in particular,

1 ≤ q0 =

 1 for 1 < p ≤ 2,

p− 1 for 2 < p < 1 +
√

2.
(129)

For the bootstrap, assume now for some constants C > 0, q ≥ 1, a ≥ 0, b ≥ 0, and for τ := t2 + 2δ, there

holds for (r, t) ∈ Σ an inequality of the form

ũ(r, t) ≥ C(t+ r)−q(t− r − τ)a(t− r)−b. (130)
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Then defining the new set

Tr,t = {(λ, s) : t− r < λ+ s < t+ r, τ < s− λ < t− r}, (131)

by calculation one obtains from (120), (128), for (r, t) ∈ Σ,

ũ(r, t) ≥ α
∫∫

Rr,t

λ

2r
|ũ(λ, s)|pdλds

≥ αcp

2r

∫∫
Tr,t

λ(t+ r)−pq(t− r − τ)a(t− r)−bdλds

≥ · · ·

≥ c∗(t+ r)−1(t− r − τ)a
∗
(t− r)−b

∗
,

(132)

where

a∗ = pa+ 2, b∗ = p(b+ q)− 1, c∗ =
αcp

4(pa+ 2)
min

{
1− 2−pq

2(pq − 1)
, 21−pq

}
. (133)

Applying (132) inductively and keeping track of these constants, John obtains

ũ(r, t) ≥ t− r
(t+ r)(t− r − τ)2/(p−1)

exp[pkJ(r, t)], (134)

where J(r, t) = E+ 2
p−1 log(t− r− τ)− q0 log(t− r) for some constant E. Then, crucially, when p < 1 +

√
2,

i.e. when 2
p−1 > q0, we have that ũ(r, t) = ∞ whenever t − r sufficiently large by passing to the limit as

k →∞. This is the desired contradiction.

The above result proves that blow-up is necessary for some compactly supported initial data, but does not

give any insight into the blow up time. For the case of the equation �u = u2, John proves the following

theorem.

Theorem 2.16. For given ϕ,ψ ∈ C∞c (R3), let initial data be of the form u0 = εϕ, u1 = εψ. Letting

T ∗ = T ∗(ε) denote the blow-up time, there exist positive constants A,B, ε0 depending on ϕ and ψ but not

on ε such that

Aε−2 < T ∗ < Bε−2 for |ε| < ε0.

Remark 2.17. This result was furthered by Kato in [6] to arbitrary space dimension m, to equations of the

form

utt + Lu = f(t, x, u),

where L is an elliptic operator whose adjoint satisfies the condition L∗(1) = 0 and where the nonlinearity

has growth

f(t, x, s) ≥

α|s|p0, |s| ≤ 1,

α|s|p, |s| > 1,

where 1 < p ≤ p0 = n+1
n−1 .
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2.5 Further results

For the energy critical, defocussing equation, �u = −|u|2
∗−2u,

u(0) = u0; ∂tu(0) = u1,
(135)

Struwe’s result was generalised by Grillakis [3] to give global existence for general, non-radially symmetric

data when n = 3, and further by Grillakis [4] to give global existence for general data when n = 4, 5 and for

radially symmetric data when n = 6, 7.

Moreover, work of Shatah-Struwe [10], [11] and of Bahouri-Shatah [1] showed higher regularity (scattering) of

solutions. In particular, in n = 3 dimensions they proved u ∈ L4([0,∞);L12(R3)) for finite energy solutions.

For the corresponding energy critical, focussing wave equation, �u = |u|2
∗−2u,

u(0) = u0; ∂tu(0) = u1,
(136)

where energy does not give a norm, Levine [9] showed that blow-up is exhibited in all cases where the initial

energy is negative. i.e.

E0 = E(u0, u1) =

∫
Rn

1

2

(
|u1|2 + |∇u0|2

)
− 1

2∗
|u0|2

∗
dx < 0. (137)

In the defocussing case, a stationary solution exists given by

W̄ (x, t) = W (x) =

(
1 +

|x|
n(n− 2)

)−n−2
2

(138)

with W ∈ Ḣ1(Rn). This stationary solution shows that finite energy solutions do not scatter in general.

Kenig & Merle [8] showed that, in the case of n = 3, 4, 5 dimensions, this stationary element represents a

critical element for both global existence and scattering in the following sense.

Theorem 2.18 (Kenig–Merle). If initial data (u0, u1) ∈ Ḣ1×L2, 3 ≤ n ≤ 5, and if 0 ≤ E(u0, u1) < E(W, 0),

then:

(i) if
∫
Rn |∇u0|2dx <

∫
Rn |∇W |

2dx, then solutions u to (136) exist for all time, and ‖u‖
L

2 n+1
n−2 (Rn+1)

<∞,

(ii) if
∫
Rn |∇u0|2dx >

∫
Rn |∇W |

2dx, then solutions u to (136) blow-up in finite time.

A Hardy’s inequality

Lemma A.1 (version 1). For all ϕ ∈ C∞c (R3) there holds∫
R3

ϕ2

|x|2
dx ≤ 4

∫
R3

|∇ϕ|2dx.
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Proof. If ψ ∈ C∞c (R), then by parts∫ ∞
−∞

ψ2dr =

∫ ∞
−∞

r2ψ2 d

dr

(
−1

r

)
dr = 2

∫ ∞
−∞

ψ2dr + 2

∫ ∞
−∞

rψψ′dr,

and applying Cauchy-Schwartz gives ∫ ∞
−∞

ψ2dr ≤ 4

∫ ∞
−∞

(ψ′)2r2dr.

Thus, for ϕ ∈ C∞c (R3)∫
R3

ϕ2

|x|2
dx =

∫
S2

∫ ∞
0

ϕ2(ry)drdσ(y) =
1

2

∫
S2

∫ ∞
−∞

ϕ2(ry)drdσ(y)

≤ 2

∫
S2

∫ ∞
−∞

(∂rϕ(ry))2r2drdσ(y) = 4

∫
R3

(∂rϕ)2dx.

Lemma A.2 (version 2). There exists an absolute constant C, independent of R, such that for all ϕ ∈
C∞(BR) ∫

BR

ϕ2

|x|2
dx ≤ C

(∫
BR

|∇ϕ|2dx+

(∫
BR

ϕ6dx

) 1
3

)
.

Proof. Letting η ≡ 1 on BR/2, η ≡ 0 near ∂BR with |∇η| ≤ C
R we have by the previous lemma∫

BR

ϕ2

|x|2
≤
∫
BR

(ϕη)2

|x|2
dx+

∫
BR\BR/2

ϕ2

|x|2
dx

≤ 4

∫
BR

|∇(ϕη)|2dx+
4

R2

∫
BR

ϕ2dx

≤ C
(∫

BR

|∇ϕ|2dx+
1

R2

∫
BR

ϕ2dx

)
≤ C

(∫
BR

|∇ϕ|2dx+

(∫
BR

ϕ6dx

) 1
3

)
,

(139)

where Hölder’s inequality was applied in the last line.
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